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It is shown that zero point quantum fluctuations (ZPQFs) completely lift the accidental continuous
degeneracy that is found in mean field analysis of quantum spin nematic phases of hyperfine spin
2 cold atoms. The result is two distinct ground states which have higher symmetries: a uniaxial
spin nematic and a biaxial spin nematic with dihedral symmetry Dih4. There is a novel first order
quantum phase transition between the two phases as atomic scattering lengths are varied. We find
that the ground state of 87Rb atoms should be a uniaxial spin nematic. We note that the energy
barrier between the phases could be observable in dynamical experiments.
Since the successful observation of magnetic ordering
in condensates of sodium atoms in optical traps[1], the
subject of spinor gases has attracted much attention[2, 3,
4, 5, 6, 7]. The impressive efforts to measure spin depen-
dent interaction energies or two-body scattering lengths
of cold atoms [8, 9, 10, 11, 12] and recent progress in
cooling hyperfine spin F = 3 chromium atoms[13] have
further stimulated extensive interest in spin correlated
many-body states of cold atoms.
In addition, in recent work, a much better under-
standing of spin collective phenomena of cold atoms in
optical lattices has been achieved. Particularly among
many other states in optical lattices[14], various quan-
tum spin nematics have received much attention. Spin
nematics have been suggested as ground states of F = 1
sodium atoms (23Na), F = 2 rubidium atoms (87Rb),
and F = 3 chromium atoms (52Cr) in optical lattices
[15, 16, 17, 18, 19]; they are also suggested to be relevant
to F = 3/2 cold atoms[20, 21]. Quantum spin nemat-
ics are fascinating because of the rich topology of their
ground state manifolds which gives rise to exotic spin
defects and unconventional vortices with non-integer cir-
culation integrals. Spin nematics haven’t been success-
fully realized in conventional solid state systems but it is
widely believed that at least some of them are likely to
be created and observed in cold atomic vapors. The spin
nematics of bosonic cold atoms that have been discussed
so far do not break the (lattice) translational symmetry,
but do break rotational symmetry. The absence of lattice
translational symmetry breaking can be attributed to the
relatively weak super exchange interaction between two
bosons if they are spatially antisymmetric.
In fact, our mean field calculations show that for cold
atoms such as rubidium (87Rb) in the F = 2 manifold, a
one-parameter family of spin nematic ground states, in-
cluding ones which are characterized by completely differ-
ent symmetries, are degenerate in energy (see discussions
after Eq.(3)). In particular, uniaxial nematics that are
invariant under any rotation around an easy axis are de-
generate with biaxial nematics which are invariant only
under a dihedral group ( either Dih2 or Dih4 depending
on eigenvalues of the nematic matrix, see below). The
origin of this degeneracy is accidental due to the spe-
cial form of energy in the dilute limit, very analogous
to the highly degenerate family of solutions for d-wave
pairing obtained by Mermin in the 1970’s[22]. In this
Letter we shall study the effect of zero point quantum
fluctuations (ZPQFs) on nematic order in cold atoms.
ZPQFs are known to lead to a wide range of physical phe-
nomena, including the Lamb shift in atomic physics[23],
the Coleman-Weinberg mechanism of spontaneous sym-
metry breaking[24], fluctuation-induced first order tran-
sitions in liquid crystals and superconductors[25], and
order from disorder in magnetic systems[26, 27]. For
F = 2 cold atoms, we show that ZPQFs completely lift
the accidental continuous degeneracy appearing in pre-
vious mean field calculations and result in two distinct
states with higher symmetries:
a) the uniaxial spin nematic with Z2-symmetry;
b) the biaxial spin nematic with Dih4 symmetry.
We consider F = 2 atoms in optical lattices using the
following Hamiltonian:
H =
∑
k
aL
2
(
ρˆ2k − ρˆk
)
+
bL
2
(
Fˆ2k − 6ρˆk
)
+ 5cLD†kDk
− tL
∑
<kl>
(ψ†k,αβψl,βα + h.c.)−
∑
k
µρˆk. (1)
Here k is the lattice site index and < kl > are the nearest
neighbor sites, µ is the chemical potential and tL is the
one-particle hopping amplitude. ψ† is a traceless sym-
metric tensor operator that has been introduced in a pre-
vious work[16]; aL, bL, cL are three on-site coupling con-
stants which are determined from three two-body scatter-
ing lengths aF , F = 0, 2, 4 and on-site orbitals. Compo-
nents ψ†αβ , α, β = x, y, z are linear superpositions of five
spin-2 creation operators, ψ†mF , mF = 0,±1,±2. The
number operator ρˆ, the dimer or singlet pair creation
operator D†, the total spin operator Fˆα are defined as
ρˆ = 1/2trψ†ψ, D† = 1/√40trψ†ψ†, Fˆα = −iǫαβγψ†βηψηγ .
The amplitude of a condensate is a traceless symmetric
tensor, χ˜αβ =< ψˆk,αβ >. In this condensate, atoms oc-
cupy a one-particle spin state |χ˜ > that is defined as a lin-
ear superposition of five F = 2 hyperfine states |2,mF >
2|χ˜ >=
∑
αβ,mF
χ˜αβCαβ,mF |2,mF >,
Cαβ,mF =
√
15
4π
∫
dΩ
(
nαnβ − 1
3
δαβ
)
Y ∗2,mF (θ, φ).(2)
Here nα, α = x, y, z are components of a unit vector
n(θ, φ); nx = sin θ cosφ, ny = sin θ sinφ and nz = cos θ.
Y2,mF , mF = 0,±1,±2 are five spherical harmonics with
l = 2. The mean field energy per site as a function of χ˜
can be obtained as
EMF =
aL
8
Tr(χ˜∗χ˜)Tr(χ˜∗χ˜) +
cL
8
Tr(χ˜∗χ˜∗)Tr(χ˜χ˜)
+
bL
4
Tr[χ˜∗, χ˜]2 − ztLTr(χ˜∗χ˜)− µ
2
Tr(χ˜∗χ˜), (3)
where z is the coordination number. Minimization of E
with respect to the tensor χ˜ yields nematic, cyclic and fer-
romagnetic phases studied previously. Particularly when
cL < 0, cL < 4bL (as for rubidium atoms (
87Rb)), min-
imization of energy in Eq.(3) requires that χ˜ be a real
symmetric tensor (up to a phase). An arbitrary solution
χ˜ can be obtained by applying an SO(3) rotation and a
U(1) gauge transformation to a real diagonal matrix χ,
χ˜ =
√
4MeiφRχR−1; (4)
R is an SO(3) rotation matrix, and χ is a normalized
real diagonal traceless matrix[16],
χ =

 χxx 0 00 χyy 0
0 0 χzz

 , Tr(χχ) = 1
2
. (5)
Finally, the value of chemical potential µ is
µL = µ+ 2ztL = (aL + cL)M, M =
1
2
Tr(χ˜∗χ˜).
M =< ρˆk > is the average number of atoms per lattice
site. The shifted chemical potential µL = µ+ 2ztL mea-
sured from the bottom of the band depends on scattering
lengths through its dependence on aL, cL.
In the mean field approximation, all of the quantum
spin nematics specified by different diagonal matrices
Eq.(5) have the same energy, i.e. are exactly degener-
ate. For instance, when 2χxx = 2χyy = −χzz = 1/
√
3,
up to an overall SO(3) rotation, all atoms are con-
densed in the hyperfine state |2, 0 >. This choice of
χ represents a uniaxial spin nematic. When χxx =
−χyy = 1/2 and χzz = 0, the atoms are condensed in
the state 1√
2
(|2, 2 > +|2,−2 >). In general, consider the
parametrization of the matrix elements: (ξ ∈ [0, 2π] )
χxx =
sin(ξ − pi
6
)√
3
, χyy =
sin(ξ − 5pi
6
)√
3
, χzz =
sin(ξ − 9pi
6
)√
3
.
(6)
To study ZPQFs, we first examine the energy spectra
of collective modes. For this, we expand ψ† about the
mean field χ˜,
ψˆ†k,αβ =
√
4Mχαβ(ξ) +
∑
ν
Lναβ(ξ)θˆ
†
k,ν (7)
where the superscript ν = x, y, z, t, p labels zero point
motions of χ along five orthogonal directions: three
SO(3) spin modes (x-,y-,z-mode) for rotations about the
x, y and z axes, respectively, a spin mode (t-mode) for the
motion along the unit circle of ξ, and a phase mode (p-
mode) describing fluctuations of the condensate’s overall
phase. The corresponding matrices are
Lx =

 0 0 00 0 1
0 1 0

 , Ly =

 0 0 10 0 0
1 0 0

 , Lz =

 0 1 01 0 0
0 0 0

(8)
and Lt = 2χ(ξ + pi
2
), Lp = 2χ(ξ). These matrices are
multually orthogonal, Tr(LµLν) = 2δµν . The five modes
are decoupled and the corresponding operators obey the
bosonic commutation relations,
[
θk,µ, θ
†
l,ν
]
= δklδµν .
We expand the Hamiltonian in Eq. (1) using Eq. (7)
and keep the lowest order nonvanishing terms. The result
is a Hamiltonian for the fluctuations which is bilinear
in θ†k,ν , θk,ν . It can be diagonalized by a Bogoliubov
transformation. The result can be be expressed in terms
of Boguliubov operators, θ˜†
q,ν and θ˜q,ν ,
H =
∑
q,ν
√
ǫq(2mBNv2ν + ǫq)
(
θ˜†
q,ν θ˜q,ν +
1
2
)
. (9)
Here ǫq = 4tL
∑
α(1 − cos qαdL) is the kinetic en-
ergy of an atom with crystal quasi-momentum q =
(qx, qy, qz); dL is the lattice constant. mBN = 1/4tLd
2
L
is the effective band mass. vν (ν = x, y, z, t, p) is the
sound velocity of the ν-mode in the small-|q| limit;
v2α=x,y,z = 4MtLd
2
L (bLG
αα − cL), v2t = 4MtLd2L (−cL),
v2p = 4MtLd
2
L (aL + cL). The velocities of three spin
modes depend on a χ˜-dependent 3 × 3 symmetric ma-
trix Gαβ , Gαβ = −(1/2)Tr ([Lα, Lp] [Lβ , Lp]). More ex-
plicitly, Gαβ is a diagonal matrix with elements: Gxx =
4 sin2(ξ − 2pi
3
), Gyy = 4 sin2(ξ + 2pi
3
), Gzz = 4 sin2 ξ. No-
tice that the velocity of the phase mode vp can be written
as
√
µL/mBN , only depending on the band mass mBN
and the chemical potential µL; it is independent of ξ.
Unlike the mean field energy EMF that is independent
of ξ, the zero point energy of spin nematics per lattice
site E is ξ-dependent ( α summed over x, y, z),
E(ξ) =
1
2NT
∑
q,α
√
ǫq(2mBNv2α(ξ) + ǫq). (10)
Here NT is the number of lattice sites. The main con-
tribution to the ξ-dependence of energy is from fluc-
tuations of wave vector |q| ∼ mBNvα(ξ); for conden-
sates, this characteristic momentum is much smaller
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FIG. 1: (Color online) The zero point energy of spin nematics
per lattice site as a function of ξ (in units of |McL|
5/2/t
3/2
L ,
cL < 0). Inset is g(x, y), the amplitude of E(ξ =
pi
6
)−E(0) as
a function of x(= bL/cL). y(= |cL|/tL) has been set to be 8×
10−3. A quantum first order phase transition occurs at bL = 0
as a result of ZPQFs. For a positive bL, the energy minima
correspond to uniaxial spin nematics while the maxima to
biaxial spin nematics with Dih4 symmetries.
than h¯/dL. The ξ-dependent energy is proportional to∑
α v
5
α/(d
5
Lt
4
L); the amplitude of it can be expressed as
|McL|5/2/t3/2L g(bL/cL, |cL|/tL), where g(x, y) is a dimen-
sionless function that is studied numerically. In Fig. 1,
we plot the energy as a function of ξ. We find that there
are two distinct phases when the parameters occur in
the region cL < 0 and bL > cL/4. They are separated by
bL = 0 line. When bL is positive, ξ = 0, π/3, 2π/3, ...
are ground states. These are uniaxial nematic states
which are rotationally invariant along an easy axis (see
Fig. (2 a)). When bL is negative, the points of ξ =
π/6, π/2, 5π/6, ... are the stable ground states while the
uniaxial nematics are unstable.
The energy as a function of ξ has following symmetries
E(ξ) = E(−ξ), E(π
3
+ ξ) = E(ξ), (11)
These are a result of the rotation and gauge invariance
of the energy function. They are found by examining
the mean field solutions in Eq.(4),(6). A rotation R of
1200 around the x = y = z line effectively transforms a
solution at ξ to ξ + π/3, or RTχ(ξ)R= −χ(ξ + pi
3
). And
because the energy is invariant under SO(3) rotations
and is an even function of χ, one finds that E(ξ) = E(ξ+
π/3). In addition, a rotation of 1800 around the x +
y = 0 line in the xy-plane transforms χ(ξ) to χ(−ξ), i.e.
RTχ(ξ)R = χ(−ξ); so similarly one finds that E(ξ) =
E(−ξ). These symmetries only depend on rotational and
gauge invariance and are exact. So the energy is an even
and periodical function of ξ, with the period equal to
π/3. For an analytical function with these symmetries,
ξ = 0, π/6 and π/3 are always extrema. Our calculations
of the zero point energy are consistent with this. The
FIG. 2: (Color online) (a) Wavefunctions of spin nematics at
various ξ; (b) wavefunctions of uniaxial spin nematics (U), bi-
axial spin nematics with Dih4 symmetries (B), ferromagnetic
condensates (F) and cyclic condensates (C). Plotted here are
spin wavefunctions ΨS (represented by the usual spherical
harmonics) in spherical coordinates (ρ, θ, φ). ρ = |ΨS(θ, φ)|,
and ΨS =
∑
αβ
√
15
4pi
χαβnαnβ . nα, α = x, y, z are compo-
nents of a unit vector n(θ, φ)(see also Eq.2); colors indicate
the phase of wavefunctions. The phase boundaries between U
and C, C and F, F and B are obtained by minimizing Eq.(3)
(similar to the calculations in Ref.[16]); the phase boundary
between U and B is obtained by taking into account ZPQFs.
above observation also indicates that up to an SO(3)
rotation and a phase factor, states at ξ and at ξ + π/3
are equivalent.
We now examine the topology of the manifold of
ZPQF-induced spin nematics. Without loss of generality,
we first consider the uniaxial nematic state at ξ = 0, i.e.,
χxx = χyy = −1/2
√
3 and χzz = 1/
√
3; in this case, the
nematic easy axis specified by a unit vector e is pointing
along the z-direction (See Fig. 2 (a)). Such a uniaxial
state is invariant under an arbitrary rotation around the
nematic axis e; it is further invariant under an inversion
of the nematic axis e → −e which is evident in the plot
for the wavefunction. The vacuum manifold for the uni-
axial nematic is therefore simply S2/Z2⊗S1; here S2/Z2
is where the nematic director lives and S1 is the unit cir-
cle of condensate phase variable. Unlike in uniaxial spin
nematics of F = 1 atoms [28], here the spin orientation
and condensate phase are not entangled.
For the biaxial nematic state at ξ = π/2, χxx =
−χyy = 1/2 and χzz = 0. The state is invariant under
the eight element dihedral-four group Dih4. The seven
rotations that leave the state invariant (up to a phase
shift) are 900, 1800 and 2700 rotations about the z-axis,
1800 rotations about the x- and y-axes and about the
x ± y = 0 lines in the xy-plane. Four of these rotations,
4the 900, 2700 rotations around z-axis, and 1800 rotation
around x±y = 0 lines must be accompanied by a shift of
the phase of the condensate by π. The manifold there-
fore is [SO(3) × S1]/Dih4, where the Dihedral elements
in the denominator contain the rotations mentioned plus
the π-phase shifts. These nematics contain half-vortices.
On the other hand, a generic biaxial spin nematic (with
no accidental symmetries) is only invariant under a rota-
tion of 1800 around x-, or y- or z-axis and the invariant
subgroup is the Klein-four or dihedral-two group[29]; it
has lower symmetries than either of the spin nematics
selected by ZPQFs.
The perturbative calculation carried out in this Letter
is valid when fluctuations of the order parameter χ are
small. Here we estimate the fluctuations along each of
the five directions ν = x, y, z, t, p. Using Eq. 7, we evalu-
ate the amplitude of local fluctuations in an orthogonal
mode, A1(ν) = 〈0|θ†k,νθk,ν |0〉. Taking into account the
expression for vν , we have the following estimate for the
relative amplitude of fluctuations,
A1(ν)
M
∼M1/2( a˜ν
a˜p
aL + cL
tL
)3/2
. (12)
a˜ν is the effective scattering length of each mode which
is a linear combination of scattering lengths in F =
0, 2, 4 channels: a˜α =
2−Gαα
7
(a2 − a4) − 15 (a0 − a4),
a˜t =
2
7
(a2 − a4) − 15 (a0 − a4), a˜p = 17 (2a2 + 5a4) +
1
5
(a0 − a4). For 87Rb atoms in optical lattices, a˜α/a˜p ∼
10−2, aL ∼ 50nk and when tL ∼ 300nk, the relative am-
plitude of fluctuations in x-, y-, z-, or t-mode is typically
less than one percent. Finally, we would like to point
out that in nematic insulating states the properties spin
modes are very similar to what are discussed here.
In conclusion, we have found that ZPQFs lift a contin-
uous degeneracy in spin nematics. Only uniaxial spin ne-
matics or biaxial nematics with dihedral-four symmetries
are selected as the true ground states. For Rb87 atoms in
the hyperfine spin-2 manifold, bL is between −3cL and
−10cL. According to the above analysis, the ground
state should be a uniaxial spin nematic. The ZPQF-
induced energy landscape can be experimentally mapped
out by investigating the macroscopic quantum dynam-
ics of condensates prepared in certain initial states. A
condensate of rubidium atoms initially prepared at state
1√
2
(|2, 2 > +|2,−2 >) (corresponding to ξ = π/2 point),
because of the ZPQF-induced potential shown in Fig.1,
could evolve towards a condensate with atoms at state
1
2
|2, 0 > +
√
3
2
√
2
(|2, 2 > +|2,−2 >) (corresponding to
ξ = π/3 point). This leads to a temporal oscillation
of the population of atoms at state |2, 0 >, which can be
studied in experiments. This study could yield informa-
tion on the potential. We thank I. Bloch, K. Madison
and E. Demler for discussions. This work is in part sup-
ported by the office of the Dean of Science, University of
British Columbia, NSERC(Canada), Canadian Institute
for Advanced Research, and the Alfred P. Sloan founda-
tion.
Note added: After the submission of the manuscript,
we notice that similar results are obtained in Ref.[30].
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